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Abstract 
A point p in a dendroid X is a shore point if there exists a sequence of subdendroids of X not 
containing p and converging to X with respect to the Hausdorff metric. The purpose of this paper 
is to present new results relating shore points and noncut points. 0 1999 Published by Elsevier 
Science B.V. All rights reserved. 
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Introduction 
In this paper. X will always denote a dendroid (arcwise connected continuum for which 
the intersection of every two of its subcontinua is connected). As usual C(X) denotes 
the space of subcontinua of X with the topology induced by the Hausdorff metric, and 
C(X,p), p E X, will be the subspace of C(X) which consists of the subcontinua of X 
containing p. It is well known that every element of C(X) is a dendroid and that for 
every pair of points p and 4 of X there exists a unique arc [p, q] from p to q. We also 
denote (P, d the set b, ql \ {P, 4). 
A subset S of X is a shore set [5] (shore point if S consists of a single point) of 
X if there exists a sequence {X,},,W of subdendroids of X converging to X in the 
space C(X) such that X, n S = 0, 71 = 1,2,3, . It is easy to see that an end point 
(a point which is an end point of every arc in X containing it) is a shore point of X and 
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a noncut point of X as well. It was proved in [6] that shore points are noncut points, but 
the converse is not always true. The aim of this paper is to state some general relations 
between shore points and noncut points. Shore points (respectively noncut points) which 
are not end points will be called improper shore points (respectively improper noncut 
points). 
1. Preliminary results and definitions 
A point in X is a relative shore point (respectively relative noncut point) if it is an 
improper shore point (respectively improper noncut point) of some subdendroid of X. We 
denote by n(X), r(X), s(X) and f;(X) the sets of improper shore points, improper 
noncut points, relative shore points and relative noncut points of X, respectively. By 
E(X) we denote the set of end points of X, Cut(X) will denote the set of cut points of 
X and O(X) the family of shore sets of X. 
It turns out that the structure of the arc components of X \ {p}, p E X, is relevant 
for our problem. The family of arc components of a subset W of X will be denoted by 
A(W). Let p E X, we say that X is arcwise open (respectively closed) at p if every 
element of A(X \ {p}) is open (respectively closed) relative to X \ {p}; X is weakly 
arcwise open (WA@ at p if each element of A(X \ {p}) is either open or has empty 
interior. We say that X is weakly arcwise open (WA@ if X is WA0 at each one of its 
points. It is well known that a dendroid X is a dendrite if and only if X is arcwise open 
at p for every p E X and the same is true if we replace open by closed (Theorem 4.1). 
The analogous result for WAO, smooth dendroids is Theorem 3.4. 
The following lemmas will be useful in this paper. 
Lemma 1.1. Let Y E C(X,p). Then A(Y \ {p}) = {P n Y: ,8 E A(X \ {p})}. 
Lemma 1.2 [6, 1.21. Let S be an arcwise connected subset of X. Then Cl(S) is the limit 
of a sequence of subdendroids of X contained in S. 
Lemma 1.3 [6, 1.41. For every dendroid X, Q(X) 2 I’(X). 
Lemma 1.4. Let S be a nonclosed arcwise connected subset of X. Then Cl(S) \ S E 
O(Cl(S)). 
This last lemma follows from Lemma 1.2 
2. Relations between shore points and noncut points in dendroids 
Theorem 2.1. For any dendroid X, F(X) C Cl(F(X) n E(X)). 
Proof. Let p E F(X), then p E r(Y) f or some Y E C(X). Since p $ E(Y) then 
p is in the interior of some arc in Y. Since Y is unicoherent the end points of this 
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arc are in different arc components of Y \ {p}. Since A(Y \ {p}) has more than one 
member and Y \ {p} IS connected, some member (Y of A(Y \ {p}) is not open. Let 
Z = Cl(Y \ a). By Lemma 1.1, Z n cy E A(Z \ {p}). Let q E Z f’ a, then b,q] \ 
(p> C Z n Cl(Y \ QI) \ (Y \ ) o. w lc IS a member of O(Cl(Y \ CP)) = O(Z), by h’ h 
Lemma 1.4. It follows that no point of [II, q] \ {p} separates X between any two points 
of lp* q] \ {p}. If w E Cut(X) n (b, q] \ {p}), then X \ (w} is the union of disjoint open 
sets H(w) and K(w) where p E H(w). Then [p,q] \ {p} C H(w) and K(uJ) U {w} 
is connected. It follows that K(wi) n K(w~) = 0 whenever WI, w:! are distinct points 
in Cut(X) n (I, 41 \ @>I. S’ mce no separable metric space contains uncountably many 
disjoint open sets, Cut(X) n (lp, q] \ {p}) is countable. It follows that [p, q] C Cl(r(X)). 
But b~ql \ 1~) E O(z), so [p,q] C Cl(fi(X)). Therefore p E Cl(r(X) n 6(X)). cl 
Cor$lary 2.2. For any dendroid X, Cl(F(X)) = Cl(I‘(X)) = Cl(r(X) n 6(X)) = 
Cl(fl(X)). 
Proof. Theorem 2.1 implie_s that Cl(?(X)) C Cl(r(X))_and since it is clear from the 
definitions that r(X) C c(X), then Cl(r(X)) = Cl(r(X)) so that we a@ obtain 
Cl(<(X)) = Cl(r(X) rl Q(X)). It follows again from Theorem 2.1 that_Cl(r(X)) C 
Cl(Q(X)) and since Q(X) C r(X), by Lemma 1.3, then a(X) C r(X) and so 
Cl@(X)) = Cl(G(X)). 0 
Definition 2.3. 
(a) A dendroid X is dismemberable at p if there are two proper subcontinua Xi, X2 E 
C(X, p) such that X = Xi U X2 and for every cy E A(X \ {p}) either Q 2 X1 or 
a! c x,. 
(b) Suppose that X is dismemberable at p. We say that X is strongly dismember-able 
at p if for each cr E A(X \ {p}), Q n Xi # 0, implies (Y C Xi (i = 1,2). 
The dendroid X4 in Example 2.5 below, is dismemberable at (l/2,0) but it is not 
strongly dismemberable at that point. It is easy to see that if p E Cut(X) then X is 
strongly dismemberable at p. In order to see that the converse is not true, take (0: 0) E X2, 
where X2 is as in Example 2.5. 
Theorem 2.4. Let X be dismemberable at p. Then p $ G(X) U E(X). 
Proof. Clearly p $ E(X). Suppose X = Xi UX2 where Xi and X2 satisfy the conditions 
of Definition 2.3(a). Let {Yn}7LE~ be a convergent sequence of subcontinua of X not 
containing p. Then Y, C: Q, for some o, f A(X \ {p}), 72 = 1,2,3,. . . , and since 
cy, is contained either in Xi or in X2, we may suppose that there exists a subsequence 
{~~~}kEW of {Y,},,N such that Y nli L Xi for every lc E N, so that lim,,, Y, = 
limk+33 Yns C Xi # X. This proves that p $ Q(X). 0 
The following examples are contained in R3. For p, q E IR3 we denote by b, q], the 
linear segment from p to q and (p, q) = [p, q] \ {p, q}. 
186 V Neumann-Lam, I. Puga / Topology and its Applications 92 (1999) 183-190 
P 
Fig. 1. 
Example 2.5. The following is an example of a dendroid Xc in IR3 for which P(Xc) \ 
6(X0) # 0 (see Fig. 1). Let p = (O,O, I), 21 = (l,O, 0), ‘uk = (cos(7r/2”), sin(7r/2k), 0) 
fork = 1,2,... and let F be the fan with top p and end points v, VI, ~2,. . . For 
each k E {2,3,. . .}, choose points pk E (p, vk) and linear segments sj,k for each 
j E {1,2,...,k- 1) suchthat 
(a) limk +mpk =p, 
(b) the segment sJ,k has pk as one of its end points, it is parallel to b, ~j] and 
hk+rn sj,k = b,uj]. 
Moreover 
(c) F n Sj,k = {pk} and 
(d) SJ,k nSi& = 
{ 
{pk} ifk=handi,jE{1,2 ,..., k-l}, 
0 ifk#h, j~{1,2 ,..., k-l}andi~{1,2 ,..., h-l}. 
Let X0 = F U Uj,k sj,k. Since X0 is a metric arcwise connected continuum such that 
every pair of its points is joined by a unique irreducible continuum, then by [4, Theo- 
rem 1.1, p. 1791, Xe is a dendroid. Let us observe that A(Xo \ {p)) = {Lk}rzl where 
Lo = (p, v], h = (p,v~] and for k 3 2, Lk = (p, uk] U @I: Sj,k. Thus, for each 
k E (0, f,2, . .}, <l(h) = Lk u {p}, i.e., X0 is arcwise closed at p. We will prove now 
that P E I \ Q(X0). 
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(i) Let H and K be disjoint closed subsets of X0 \ {p} such that X0 \ {p} = H U K. 
Then either H or K, say H, contains each element of an infinite subset (~5,~ } of 
4x0 \ {PI). S ince F C Cl(U Lnk), then F C Cl(H) = H U {p}. But each s3.k is 
connected and has pk as a common point with F, so that Xa \ {p} C H, hence K = 8. 
This proves that p E I. 
(ii) Let Y E C(Xo,p). If Y IS contained in F, then either p E E(Y) or p E Cut(Y); in 
any case, using Lemma 1.3, p $I! Q(Y). If Y is not contained in F then, for some natural 
numbers j and k with j < k, there is a point z E Y n (Sj,k \ {pk}) C Lk,. Moreover, we 
may suppose that z 4 E(Y). Then z E Cut(Y) and again, by Lemma 1.3, z +! 0(Y). 
Assume now that p E O(Y). Then there exists a sequence {Yn}rZ, of subdendroids of 
Y such that for each n E N, p $ Y, and lim,,, Y, = Y. Since p # Y,, each Y, is 
contained in some Lk. On the other hand, each LI, intersects Y, only for a finite number 
of indices n. For suppose Lk nY, # 8 for m in an infinite subset M of N. Then Y, & Lk 
for every m E M, so that Y = lim,,, Y, = lim,,, Y,, C: Cl(Lk) = Lk U {p}, and 
therefore p E E(Y), which contradicts p E Q(Y). Finally, since lim,,, Y,, = Y and 
z E Y \ 0(Y), then z E Y, for infinitely many indices R and so Y, f! L,+ # 8 for an 
infinite number of indices n. a contradiction. 
The following examples of dendroids are given for use in Table I. 
XI = [i-w:(~?o)] u [wilw)] u fi [(-1/~,0),(-1/?L,l)], 
TL=I 
x2 = XI u (j [u/w, Cl/% l)], 
n=l 
x3 = (j [w%(Ll/~)] u [w%(L0)], 
Tl=l 
x4 = x3 u [(u% cw]. 
For each pair of the sets Q(X), r(X), fi(X),F(X), Cl(Q(X)) and Cl(r(X)) consid- 
ered in this section, the following table tells whether either is a subset of the other for 
every dendroid X. The table is organized in the following way. If the set in the ith col- 
Table I 
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umn of the table is a subset of the set in the lath row, we write “yes” in the corresponding 
entry, otherwise we write T where Xj, j = 0, 1,2,3,4, is the corresponding dendroid 
in Examples 2.5, p E Xj and p is an element of the set at the left of the table but p is 
not an element of the corresponding set at the top of the table. 
3. Weakly arcwise open dendroids 
WA0 dendroids appeared in a quite natural way in connection with shore points in 
[6], where the following results were proved: 
(PI) If X has Kelley’s property then X is WAO. The converse is not true. For example, 
take 
X = 6 [(VI), (2,1/n)] u [(O,O), (2,0)] u fi [(BJMl, -l/n)]. 
n=l ?%=I 
(P2) A dendroid is a dendrite iff it is WA0 and does not have improper shore points. 
In this section we prove that in WA0 dendroids some other relations occur besides 
the relations proved in Section 2 for arbitrary dendroids. 
Lemma 3.1. Suppose that X is WA0 at p. Then every nonopen element of A(X \ {p}) 
is in O(X). Moreover ifp E f(X) then A(X \ {p)) n O(X) # 0. 
Proof. A nonopen element cy E A(X \ {p})_ h as empty interior so that, by Lemma 1.4, 
with S = X \ LY, cy E O(X). Now if p E r(X) then p E r(Y) for some Y E C(X). 
Therefore there exists a nonopen element fi in A(Y \ {p}). By Lemma 1.1, p = Q: n Y, 
for some a E A(X \ {p}). I-I ence Q is not open and the conclusion follows from the first 
part of the lemma. 0 
Theorem 3.2. Let X be WAO. Then F(X) s Cl(Q(X)). 
Proof. Let p E f’(X). By Lemma 3.1, there is an element cy E A(X \ {p}) n O(X). 
Clearly Q & Q(X) and p E Cl(Q(X)). q 
The following is an example of a WA0 dendroid Xs which contains a point p such 
that p E T(Xs) \ @X5). 
Example 3.3. Let C be the Cantor set and X0 be as in Examples 2.5. Let Xs be the 
dendroid obtained from the product X x C by identifying (z, c) with (2, c’) for every 
5 E [p, U] C X0 and for every c, c’ E C. We remark that Xs is strongly dismemberable 
at p. 
We summarize in Table 2 the results obtained for WA0 dendroids. 
In [6] the following was proved: 
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Table 2 
A dendroid X is a dendrite if every Y E C(X) has Kelley’s property. This is a con- 
sequence of Theorem 3.4 below, since every dendroid with Kelley’s property is smooth 
[2, Corollary 51 and WA0 [6, Lemma 1.3, p. 9401. 
Theorem 3.4. A smooth dendroid X is a dendrite q and only if every Y E C(X) is 
WAO. 
Proof. Let X be a smooth dendroid. If X is a dendrite, then for every Y E C(X), Y is 
a dendrite so that Y has Kelley’s property and therefore, by [6, Lemma 1.3, p. 9401, Y is 
WAO. Suppose X is not a dendrite, then X is not smooth at some point [l, Corollary 5, 
p. 2991. Since X is not smooth, by [3, Theorem 1, p. 194 and Lemma 1, p. 1931, X 
contains a Type 3 dendroid Y. A dendroid Y is a Type 3 dendroid, [3, p. 1931, if 
Y = OS, n,] u [p, s]. where u = l&ai E (p,~). Jl~[s.u~] = [~,a], 
i=l 
and /&-I_ [ diam ([s, n,] fl [p, s])] = 0. 
Let II E (s, u) and let ui E A(Y \ {u}) such that a E cy. Then a E Cl(Y \ a), so Q is 
not open relative to Y. Clearly a > [p, u) and [p, u) is open relative to Y, so IY does not 
have empty interior. Therefore Y is not WAO. 0 
Problem. Is it possible to remove smoothness from the hypothesis of Theorem 3.4? 
4. Arcwise closed dendroids 
Theorem 4.1. A dendroid X is a dendrite if and only if X is arcwise closed at p for 
every p E X. 
Proof. Since a dendrite X is arcwise open at p for every p E X then it is arcwise closed 
at p for every p E X. Let X be an arcwise closed dendroid. In order to prove that X is 
a dendrite, we only have to prove that every nonend point of X is a cut point [7, p. 881. 
Take a nonend point p of X and cy E A(X \ {p}). If 3) is a noncut point, then, since (Y 
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is closed in X \ {p}, Cl(X \ o) n (Y # 0. Choose points 2, y E Cl(X \ a) n CI: such that 
2 E (p, y). Let ,B E A(X \ {x}) such that p E /3. Then y $! ,8 and X \ (Y C p. Hence 
Y E Cl(P) \ P? so P is not closed, contrary to the hypothesis. 0 
We note that, by Lemma 1.1, if X is arcwise closed at p then every Y E C(X, p) is 
also arcwise closed at p. 
Theorem 4.2. 
(a) Let p $! 6(X). Then X is arcwise closed at p. 
(b) Suppose p E Q(X) and X is arcwise closed at p. Then L?(X) = X \ E(X). 
Proof. (a) If there is an element LY E A(X \ {p}) w ic h h is not closed relative to X \ {p} 
then, by Lemma 1.4, Cl(a) \ (Y E O(Cl(o)) an d since p is not an end point of Cl(o) 
then p E fi(Cl(o)) C Q(X). 
(b) Let {X,} be a sequence of subdendroids of X such that p $ X, for n E IV and 
lim,,, X, = X. Since p $ X,, each X, is contained in some element of A(X \ {p}) 
and since each element cy E A(X \ {p}) is a proper subset of X that is closed relative 
to X \ {p}, then (Y contains at most a finite number of subdendroids X,. This implies 
that each g E X is contained in X, only for a finite number of indices n and then 
4 E Q(X) u E(X). 0 
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